Talk given in the memory of E.S. Fradkin 
Introduction
There are conceptual advantages for defining the renormalizable gauge theories that describe four-dimensional physics from a a five-dimensional point of view. For instance, this gives a local quantum field theory that is is perturbatively renormalizable by power counting and free of the Gribov ambiguity. It also elucidates several questions about chirality [1] . The fifth dimension plays the role of a regulator and it can be interpreted as a "bulk" coordinate that generalizes the idea of stochastic time.
These progress suggest investigating the possibility of embedding Einstein d-gravity in a d + 1 dimensional theory. Many attempts for relating gravity and gauge theories for the Poincaré group have been done in the past. They were never too successful, because of the failure of getting unitary theories. Here we show an alternative step in this direction.
By combining the ideas of [1] and [2] , and using the property that Einstein equations are first order in the Cartan formulation, we will relate the gravity action in d dimensions to The link [2] between stochastic quantization, whose Euclidian additional time is a possible interpretation of the internal bulk coordinate, and topological quantum field theory (TQFT) encourages us to first consider a TQFT for gravity, using the metrics g µν as a fundamental field. This actually implies introducing an additional vector field A µ to obtain a correct counting of the degrees of freedom. The "self-duality" equation that defines the TQFT is the improved Einstein equation introduced by Friedan [3] . Solutions of this equation, called Einstein-Ricci solitons, have been studied in [4] . The link to renormalization group of σ-models is quite appealing, and the bulk internal coordinate looks as the renormalization scale or the cut-off.
The additional field A µ has two possible interpretations. It can be viewed as the expression of trivial reparametrizations for the couplings of an underlying σ models, as in [3] ; on the other hand, in the context of bulk quantization, it is merely understood
, that is, the component of the metric along the bulk internal radius. It allows for a theory that is covariant in d + 1 dimensions. Moreover, one can introduce another independent field that plays the role of the metrics component g d+1,d+1 . It expresses the possibility of changing the rate of convergence of correlations functions toward their values in a given slice, without affecting the value of this limit. In the language of stochastic quantization, this means the introduction of a kernel that multiplies the sum of the drift force and of the noise. Topological invariance in bulk quantization means invariance of observables with respect to variations of g µ,d+1 and g d+1,d+1 .
To see differently that gravity in d-dimensions is related to a theory that is covariant in d +1 dimensions, we find it natural to turn to first order formalism (vielbein formalism).
We will exhibit the intriguing curious feature that we mentioned above, namely a relation between gravity theory in d dimension and a supersymmetric Yang-Mills theory defined 
d+1,a and take the limit λ → ∞.
In this limit, the commutation relations of the P a and M invoke dynamical effects in the bulk that would renormalize the structure coefficients of the bulk internal symmetry into those of the Poincaré symmetry in a slice with d dimensions.
Taking the limit λ → ∞ could be a natural feature in the context of bulk quantization.
The range of variation of the internal bulk coordinate is non compact. Starting at 
TQFT for gravity and renormalization group equation

The TQFT equation
Let us first see how one can construct a TQFT for gravity in d dimensions. A possibility is that such a TQFT is related by twist to supergravity with N=2 supersymmetry.
However, N=2 supergravity is a technically complicated theory, and we are unfortunately far from understanding the twist operation for a gravitino. We find it more realistic to remain in the pure gravity framework, and to determine what are the possible gravitational gauge functions that can determine a TQFT, generalizing the idea of [5] . Such a TQFT is interesting by itself, independently of supergravity. It is quite a challenge to propose a correspondence between the ghost spectrum that we find and twisted supergravity multiplets.
The topological gauge functions should involve in a linear way the natural curvature in gravity, that is, the Ricci tensor R µν . This tensor has the same number of components as the metric tensor g µν . However, a TQFT with a gauge invariance must involve as many gauge fixing-functions as there gauge independent degrees of freedom in its basic fields [5] . Thereby, we must introduce a vector field A µ in addition to g µν to obtain a right counting. Indeed, the fields g µν and
is, d(d + 1)/2 degrees of freedom modulo reparametrization invariance. This fits precisely with the number of independent equations for a systems of equations linear in R µν .
We thus introduce as reparametrization covariant "gauge functions" for topological gravity in d dimensions the d(d + 1)/2 independent combinations:
We have R µν = g ρσ R ρµσν and R = g ρσ R ρσ . ∇ µ is the covariant derivative. κ is like a cosmological constant.
The square of the gauge function (2.1) gives:
When H µν vanishes, (2.1) gives the modified Einstein equation that Friedan introduced to determine the fixed point of the σ-models [3] . The equation H µν = 0 implies that 
Here α is a parameter. The combination of (2.1) and (2.3) exhausts all gauge freedom contained in the topological invariances for g µν and A µ , and one expects a TQFT with an equivariant cohomology with respect to reparametrization invariance.
Where would be the fermions of this TQFT? They can be introduced by defining the BRST variations of g µν and A µ , which are arbitrary transformations, defined modulo reparametrization. c µ is the vector ghost for the latter transformations, and Ψ µν and Ψ µ are the anticommuting topological ghosts for g µν and A µ . Φ µ is the commuting vector ghost of ghost for reparametrizations.
Due to reparametrization invariance , we must introduce a reparametrization covariant gauge function for the topological ghost of g µν . It is:
To enforce the gauge functions, we need antighosts and Lagrange multipliers. They are the symmetric tensorΨ {µν} , the vectorc µ , and their Lagrange multipliers H {µν} and H µ , with sΨ {µν} = H {µν} and sc µ = H µ . We have the vector antighosts for antighostΦ µ and the fermionic Lagrange multiplier η µ for (2.5) and sΦ µ = η µ .
As for the fermionic degrees of freedom, the set of anticommuting ghosts and antighosts for the equivariant cohomology is:
In the sector of the gauge fixing of reparametrization invariance, it is:
The TQFT Lagrangian is:
There are actually several points of interest that we decide not to explore in this paper.
We could introduce a w symmetry as in [1] for having an equivariant BRST symmetry and disentangle the topological symmetry and the reparametrization invariance. This also determines the action (2.8) as part of the cohomology of the w-symmetry. Then, there is perhaps a correspondence between the fermionic ghosts and the gravitini of some N = 2 supergravity. Such a correspondence between tensor ghosts and physical spinors is known for the superstring and the super Yang-Mills theories, which can be twisted into topological theories. Logically, the same situation might occur for supergravity. Finally, it is likely that "observables" could be constructed, by using descent equations from the Euler and Pontryagin invariants. There are actually new invariants that are studied by mathematicians [4] and the gravitational TQFT could give their interpretation. We skip those questions, since we are mostly interested by exploring the perspective offered by (2.1)
in the context of bulk quantization [1] .
The Renormalization group equation and the stochastic equation
The TQFT defined by (2.1) contains a term that is quartic in the graviton propagator. Its has an improved ultraviolet behavior as compared to the situation in ordinary gravity. If one tries to directly get a particle interpretation, one is readily impeached by the lack of unitarity due to spin-2 tachyons coming from the quartic propagators. But, this contradiction disappears by considering one coordinates as an internal bulk coordinate: by definition, the TQFT in the bulk with dimension d + 1 does not requite unitarity properties; rather it is only used for the bulk quantization of gravity in one less dimensions d. Defining gravity as leaving in a slice, or in the slice of a slice, of an enlarged space, certainly opens new perspectives and unitarity is only required for this restriction of the bulk theory.
Let indeed introduce another coordinate x d+1 . We use (2.1) for defining the evolution equation:
The fields now depend on x µ , 1 ≤ µ ≤ d, and x d+1 . Equation (2.9) can be seen from two different points of view.
The first point of view is that this equation describes stochastic quantization for the Einstein Lagrangian √ g(R + κ). H µν now has the heuristic interpretation of a stochastic noise. The first two terms in the right hand side of (2.9) are nothing but the Einstein equations of motion in d dimensions. They represent a drift force along the physical degrees of freedom that balances the effect of the noise H µν , and determines quantum gravity. Then, the term ∇ {µ A ν} can be seen as a drift force along the gauge orbits for reparametrization. Observables of gravity should not depend on the choice of the vector field A µ , which is nevertheless necessary for ensuring the convergence of the Langevin equation (2.9) for all degrees of freedom in g µν . We can sum over all possibilities for A µ which can be thus interpreted as the component g µ,d+1 of a metric in d + 1 dimensions.
Then, (2.9) should be read as:
This generalizes the introduction of the additional component for the gauge field when one quantizes Yang-Mills theories with one extra dimensions as in [1] . Moreover, we can introduce an arbitrary component g d+1,d+1 as an unobservable kernel that multiplies the right hand side of (2.10). Correlators in a slice cannot depend on g d+1,d+1 . (2.10) is formally a sort of Langevin equation that is covariant in d + 1 dimensions. Once it is expressed in a supersymmetric path integral, it formally produces a TQFT based on the action (2.8). But now the interpretation is that A µ = g µ,d+1 must be gauged fixed as in (2.3) to describe gravity in d dimensions. We will shortly get a much more attractive formulation for gravity in the next section, using the first order formalism.
The second interpretation is that (2.9) is related to the renormalization group equation with x d+1 interpreted as a cut-off or renormalization group parameter. This is quite reminiscent of the ideas developed in [6] . One sees that for zero fluctuation, H µν = 0, the stochastic equations (2.9) reproduces the renormalization group equation used in [3] .
Then, g µ,d+1 stands for the trivial directions that are represented by reparametrizations of the metrics of the σ-model.
First order formalism and the link between gravity and Yang-Mills theory
We now give our argument that d-gravity can be seen as a Bulk quantization of gravity should be based on the equations of motion and the symmetries that one can infer from the gravity action (3.1). The equations of motion determine drift forces along transverse directions; they must be supplemented by drift forces along gauge orbits for local Lorentz and translation invariance. The later are formally equal to to gauge transformations, with parameters that are replaced by arbitrary fields.
We call these new fields ω ab d+1 and e a d+1 . The reason for this notation is that these fields will be shortly interpreted as additional components for the spin connection and vielbein.
This generalizes [2] and [1] . The bulk equations are thus: functions. This action is a sum of a pure derivative along x d+1 and a BRST-exact term.
If we skip ghost of ghost dependent terms, it is:
This is a supersymmetric action. The important piece is the bosonic part, since, for correlators that only depend on the fields e and ω, the ghosts can be integrated out [1] .
The relevant term in (3.4) is the bosonic part: as:
This action, supplemented by the supersymmetric terms, which ensure topological BRST symmetry, and which can be derived from Our observation is compatible with the description of 3D-gravity by a Chern-Simons action [7] , since the latter can also be directly formulated as the topological Yang-Mills action in four dimensions with SO(4) internal symmetry [8] .
In the general case, D = 3, a contraction in the Lie algebra is required for recovering the Poincaré symmetry. This implies a symmetry breaking. Non perturbative effects in the bulk could trigger singular renormalization effects that change the structure coefficients and determine eventually the contractions. Bulk quantization, which is a generalization of stochastic quantization, does not require that the non compact extra dimension be flat.
A natural parameter is the curvature R along this direction, and the contractions that we invoke might appear in the limit R −1 → ∞.
